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Abstract
ber $H/Karrow G/Karrow G/H$ , 2-step
nilpotcnt Lie $(\mathfrak{n}, \langle, \rangle)$ . $\mathfrak{n}$ Lie $N,$ (
$,$
$\rangle$
, ( $N$, $(, \rangle)$ fiber
. $G/K$ $N$ , , $\mathrm{g}.0$ . ,
.
1 Introduction
2-step nilpotent Lie $(N, \langle, \rangle)$
, Riemann
. .
, Riemann $(l\mathrm{t}l, g)$ :
(i) $M$ 2 ( $\Leftrightarrow$ ).
(ii) $\mathit{1}\mathrm{t}/I$ 1-parameter ( $\Leftrightarrow \mathrm{g}.0$ . space).
, $\mathrm{g}.0$ . ([1]). ,
(cf. [4]).
isotropy W. Ziller .
1([15]) $\uparrow j$ $(\mathrm{j}1_{i}T, g)$ $G$ , $\mathit{0}$ isotropy
$I\zeta j$ . , $(\mathbb{J}f, g)$ , $T_{o}M$
$I\zeta$ $-1$ .
, fiber
2-step nilpotent Lie . ,




. , $\mathrm{g}.0$ . .
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2Preliminaries on 2-step nilpotent Lie groups
) 2-step nilpotent Lie .
$(\mathrm{t}1, \langle, \rangle)$ 2-step nilpotent Lie . $\mathfrak{n}$ center $\partial$ ,
. ] $:\mathfrak{z}arrow \mathrm{E}\mathrm{n}\mathrm{d}(\mathfrak{v})$
$\langle J_{Z}(x\mathrm{I}, Y\rangle=\langle Z, [X, Y]\rangle$ for every $X,$ $Y\in \mathfrak{v}$ (1)
.
$J$ singuflar (resp. non-singuflar) , $(\mathfrak{n}, \langle, \rangle)$ ’ singular (resp.
non-singular) . , non-singular ,
.
2 $(\mathfrak{n}, \langle, \rangle)$ $H$-tyPe :
$\text{ _{}Z}^{2}=-\langle Z, z\rangle\cdot 1\mathfrak{h}$ for every $Z\in f$ . (2)
H-tyP algebra A. Kaplan ([9]) . (H-tyP algebra generalized
Heisenberg algebra ) (2) ( $()$ $Cl(3, \langle, \rangle)$ -module
. , $\mathfrak{v}$ $Cl(3, \langle , \rangle)$ -module , $\text{ }$ : $3arrow \mathrm{E}\mathrm{n}\mathrm{d}(\mathrm{t}))$
Clifford module , (1) bracket
$\mathrm{H}$-type algebra . , H-type algebra
Clifford module .
Clifford algebra $Cl$ $(3, \langle, \rangle)$ . diln3 $\neq 3$ (mod 4)
, $Cl(3, \langle , \rangle)$ -module l 1 . $\mathfrak{v}_{1}$ , $\mathfrak{v}:=\oplus^{k_{\{)}}1$
$\mathrm{H}$-type algebra $\mathfrak{n}(k)$ . dim3 $=3$ (mod 4) ,
$Cl(\partial, \langle, \rangle)$ -module 2 , . , $\mathfrak{v}_{1,2}${$)$ .
, {$):=(\oplus^{k_{1}}\{)1)\oplus(\oplus^{k_{2}}\mathfrak{v}_{2})$ H-type algebra $\mathfrak{n}(k_{1}, k_{2})$
. , $\mathfrak{n}(k_{1}, k_{2})\cong \mathfrak{n}(k_{2}, k_{\iota)}$ $, \mathfrak{d}_{1}, \mathrm{t})_{2}$ .
$\mathfrak{n}$ Lie Lie $N$ , $\langle, \rangle$ $N$
$\langle, \rangle$ .
3([6]) $(N, \langle, \rangle)$ 1 isotropy $A(N)$ ,
$A(N)=\mathrm{A}\mathrm{u}\dagger,(\mathfrak{n})\cap o(\mathfrak{n}, \langle, \rangle)$ . (3)
H-type group , isotropy $A(N)$ ([12]).
, $\mathrm{H}$-tyPe group $\mathrm{g}.0$ . .
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4([2], [13]) $H- t\uparrow/pe$ group $g.\mathit{0}.$ sPace :
(i) $\dim_{3}=1,2,3$ , or
(ii) diln3 $=5$ and $\mathfrak{n}=\mathfrak{n}(1)$ , or
(iii) $\dim_{3}=6$ and $\mathfrak{n}=\mathfrak{n}(1)f$ or
(iv) dim3 $=7$ and $\mathfrak{n}=\mathfrak{n}(1,0),$ $\mathfrak{n}(2,0)$ , or $\mathfrak{n}(3,0)$ .
dim3 $=7$ and $\mathfrak{n}=\mathrm{t}1(3, \mathrm{o})$ .
H-tyP 2-step nilpotent , $([10]\mathrm{I}$
singular .
, 2-step nilpotent Lie ,
.
$\mathrm{g}^{\mathrm{C}}=\mathrm{g}^{\underline{\mathrm{c}}_{2}}\oplus 9^{\mathrm{C}}\iota\oplus 9_{0}^{\mathrm{C}}\oplus \mathrm{g}_{1}^{\mathrm{C}}\oplus \mathrm{g}_{2}^{\mathrm{C}}$ 2 graded Lie . ( ,
$h\cdot,,$ $l$ $[\mathrm{g}_{k}^{\mathrm{C}}, \mathrm{g}_{\iota}]\mathrm{C}\subset \mathrm{g}_{k_{\iota}+l}^{\mathrm{C}}$ .) $\mathfrak{n}:=\mathrm{g}_{1}^{\mathrm{C}}\oplus \mathrm{g}_{2}^{\mathrm{C}}$ 2-step nilpotent
. $\langle, \rangle$ , $9^{\mathrm{C}}$ Weyl basis . $(\mathfrak{n}, \langle, \rangle)$
Lie . $Z$ characteristic element
(i.e., $X\in \mathrm{g}_{k}^{\mathrm{C}}$ $[Z,$ $X]=kX$ ), Lie ${}^{\underline{t}}i:=\mathrm{R}Z\oplus \mathfrak{n}$ ,
Lie Einstein .
3Construction of 2-step nilpotent Lie algebras
fiber $H/Karrow G/Karrow G/H$ , 2-step nilpo-
tent Lie $(\mathrm{t}1, \langle, \rangle)$ . $\cdot$ .. .
$\cdot$
’ . $\cdot$
ber $(G, H, K)$ . Lie 9, $\mathfrak{h},$ $\mathrm{f}$
. $G/H$ . $G$ Killing
form $B$
$\mathrm{g}=\mathfrak{y}_{\oplus}\mathfrak{m}_{B}=\mathrm{t}\oplus \mathfrak{m}_{F}\oplus \mathfrak{m}_{B}$
. $\mathfrak{n}:=\iota \mathfrak{n}_{\Gamma}\oplus \mathfrak{m}_{B}$ Lie $[, ]^{\mathrm{t}1}$ :
$[Z+X, Z’+X’]^{\mathfrak{n}}:=[X, X’]\mathrm{t}\mathfrak{n}_{F}$ for $Z,$ $Z’\in \mathfrak{n}\tau_{\Gamma},$ $X,$ $X’\in \mathfrak{m}_{B}$ .
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$\mathfrak{n}$ 2-step nilpotent . $\langle, \rangle:=-B|_{\mathrm{n}\cross \mathrm{t}1}$ .
$(\mathrm{t}1, \langle, \rangle)$ $(G, H, K)$ Lie , $\mathfrak{n}$
Lie $N$ $\langle, \rangle$ , $(N, \langle, \rangle)$ , $(G, H, K)$
Lie .
5 $\mathfrak{m}_{\Gamma}$ $l1$ center .
. $\mathfrak{n}1_{F}\subset \mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}(\mathfrak{n})$ . , $\mathfrak{n}\tau_{B^{\cap}}$ center(n) $=\{0\}$
. $\mathfrak{m}_{B}\cap$ center(n) - .
$Z\in \mathrm{r}\mathfrak{n}_{B}\cap$ center(n) . , $A\in \mathrm{f},$ $X\in \mathfrak{n}$ )
$[[A, Z],$ $X]^{\mathrm{t}1}=[[A, Z],$ $X]\mathrm{m}_{\Gamma}$. $=-[[Z, X],$ $A]_{\mathrm{m}}F-[[x, A],$ $z]_{\mathrm{m}_{F}}$
. ,
1 $=$ $-[[Z, X]\mathrm{m}_{\Gamma}$. $,$ $A$ ] $=-[[Z, X]^{\mathrm{t}1},$ $A]=0$ ,
2 $=$ $-[[X, \mathrm{A}],$ $z]^{\mathrm{n}}=0$
. $[A, Z]\in \mathfrak{m}_{B}\cap$ center(n) , $\mathfrak{m}_{B}\cap$ cerrter $(|\tau)$ e-
. , $X_{F}\in \mathfrak{n}1_{\Gamma},$ $X_{B}\in \mathfrak{m}_{B}$ .
$\langle[x_{F}, Z], X_{B}\rangle=\langle X_{F}, [Z, X_{B}]\rangle=\langle X_{F}, [Z, X_{B}]_{\mathrm{m}}F\rangle=\langle X_{\Gamma}, [Z, X_{B}]^{\mathrm{n}}\rangle=0$
$[X\Gamma, z]\mathrm{t}\mathfrak{n}_{B}=0$ . $[\mathfrak{m}_{\Gamma}, \mathfrak{m}_{B}]\subset \mathfrak{m}_{B}$ $[X_{F}, Z]=0$ , $[\mathfrak{m}_{\Gamma}, Z]=$
$0$ . $\mathfrak{h}=\mathfrak{e}\oplus \mathfrak{m}_{\Gamma}$ , $\mathfrak{m}_{B}\cap$ center(n) $\mathfrak{h}$- . $\mathrm{Q}.\mathrm{E}$ .D.
compact Lie .
6 $(G, H, K)$ Lie $(\iota\tau, \langle, \rangle)$ :
$\text{ _{}Z}(x)=[Z, X]$ for $e\uparrow$) $er?/Z\in \mathfrak{m}_{\Gamma},$ $,$ $X\in \mathrm{t}\mathrm{t}1_{B}$ .
. $Z\in\iota \mathfrak{n}_{\Gamma^{\prec}},$ $X,$ $]^{\nearrow}\in \mathfrak{n}1_{B}$ )
$\langle Z, [X, Y]^{\mathrm{n}}\rangle=\langle Z, [X, Y]_{\mathrm{m}_{\Gamma}}.\rangle=\langle Z, [X, Y]\rangle=\langle[Z, X], Y\rangle$
. (1) $\text{ _{}7}(\lrcorner X)=[Z, X]$ . Q.E.D.
Lie $(N, \langle, \rangle)$ .
, isotropy . $G/K$ $N$
$\mathfrak{n}\tau_{\Gamma}\oplus \mathfrak{m}_{B}$ – . $N$ isotropy $A(N)$ .
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7 $(G, H_{j}K)$ Lie $(N, \langle, \rangle)$ , $K$ $A(N)$ .
. $A(N)=\mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{n})\cap O(\iota\tau, \langle, \rangle)$ . $IC$ $\langle, \rangle$
, .
$Z,$ $Z’\in \mathfrak{n}1_{F},$ $X,$ $X’\in \mathrm{r}\mathfrak{n}_{B}$ . $g\in K$ ,
$g([Z+x, z\prime X+’]^{\mathrm{t}1})=g([X, X’]_{\mathfrak{l}\mathrm{n}_{F}})=[g(x), g(X’)]_{\mathrm{t}\mathfrak{n}}F$
. $g$ 6, $\mathfrak{m}_{F},$ $\mathfrak{m}_{B}$ . $-$ ,
$[g(Z+X), g(Z’+X’)]\mathrm{n}=[g(X), g(X’)]^{\mathfrak{n}}=[g(x), g(X’)]_{\mathrm{m}}F$
. $K\subset \mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{n})$ . $\mathrm{Q}.\mathrm{E}$ .D.
$IC$ $A(N)$ $-$ , $-$ .
.
, Lie H-type , .
8 $(G, K\cdot \mathrm{s}\mathrm{p}\mathrm{i}\mathrm{n}(m+1),$ $K\cdot \mathrm{s}\mathrm{p}\mathrm{i}\mathrm{n}(7n))$ Lie $(\mathfrak{n}, \langle, \rangle)$ 2 isorropy
Spin $(m+1)$ spin $H- t_{J}\uparrow pe$ .
. , spin $(m+1)=\mathrm{s}\mathrm{p}\mathrm{i}\mathrm{n}(m)\oplus \mathfrak{m}_{F}$ . $\mathfrak{m}_{F}$
$m$ . $\text{ }$ : $\mathfrak{m}_{\Gamma}arrow \mathrm{E}\mathrm{n}\mathrm{d}(\mathrm{n}1_{B})$ $\mathrm{g}$ bracket $-$ ( 6).
spin $(m+1)$ , spin $(m+1)$ $\mathfrak{m}_{B}$ spin ,
Clifford algebra $Cl(\iota \mathrm{n}_{r}, \langle, \rangle_{\mathrm{m}_{\Gamma}\cross \mathfrak{m}_{F}}.)$ . ( $\mathfrak{n}$ , $(, \rangle)$ H-type
$i5$ . $\mathrm{Q}\mathrm{E}$ D.
9 Hermmit Sl- $(G, K\cdot U(1),$ $I\zeta)$ Lie $(\mathfrak{n}, \langle, \rangle)$ center
1 H-typc algebra , ( $G/K$ $\varphi$ -symmetric )
. Hermmit isotropy $U(1)$ , $\mathrm{C}$
. $U(1)\cong \mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(2)$ , $\mathrm{C}$ spin , $(|\tau, \langle, \rangle)$
$\mathrm{H}$-typC- . Q.E.D.
$SU(n+1)/S(U(n)\cross U(1))$ $S^{1}-$ Lie $(\mathrm{t}1, \langle, \rangle)$




, Hermit Lie . , Hermit
, isotropy . , $IC$
$A(N)$ $-$ .
10 S2- $(G, I\zeta\cdot Sp(1),$ $K\cdot U(1))$ Lie
$(\mathfrak{n}, \langle, \rangle)$ center 2 $H$-type algebra . ($\text{ }$ $G/ICU(1)$ $C_{7}/I\mathrm{f}\cdot Sp(1)$
twistor space )
. 9 , $G/K\cdot Sp(1)$ isotropy $Sp(1)$ $\mathrm{H}$
. $Sp(1)\cong \mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(3)$ spin . $\mathrm{Q}.\mathrm{E}$ .D.
$Sp(7\iota+1)/Sp(n)\cross s_{P}(1)$ twistor space Lie $(\mathfrak{n}, \langle, \rangle)$
. center 1 , center 2
$\mathrm{H}-\mathrm{t}_{3\mathrm{P}}r\mathrm{e}$ algebra .
, 8 , (cf. [11]) :
$Sp(n+2)/Sp(n)\cross Sp(2),$ $SU(n+4)/S(U(n)\cross U(4))$ ,
$F_{4}/\mathrm{s}_{\mathrm{P}^{\mathrm{i}\mathrm{n}(9)}},$ $E_{6}^{\prec}/U(1)\cdot \mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(10),$ $E_{7}/Sp(1)\cdot \mathrm{s}\mathrm{p}\mathrm{i}\mathrm{n}(12),$ $E_{8}/SO(16)^{\#}$ .
, graded Lie .
$\mathrm{g}^{\mathrm{C}}=_{9_{-2^{\oplus\oplus\oplus_{91}\oplus_{92}}}^{\mathrm{C}\mathrm{c}}}9_{-1}\mathrm{g}_{0}\mathrm{C}\mathrm{C}\mathrm{c}$
2 graded Lie . $\mathrm{g}$ (charaterristic element )
compact real form $\mathrm{g}$ .
$\mathrm{g}_{[k]}:=\mathrm{g}\cap(_{9_{-}^{\mathrm{c}\mathrm{C}}}k^{\oplus 9_{k})}$
. $(9, 9[0]\oplus_{9[2]})$ , $(\mathrm{g}, \mathrm{g}_{[}\mathrm{o}]\oplus \mathrm{g}_{[2}],$ $9[0])$
. ( Lie , Lie
) 2-step nipotent Lie $\mathrm{t}1$ , $\mathfrak{m}_{\Gamma}=\mathrm{g}_{[2]}\cong \mathrm{g}_{2}^{\mathrm{C}}$ , $\mathfrak{m}_{B}=\mathrm{g}_{[1]}\cong \mathrm{g}_{1}^{\mathrm{C}}$
, $\mathfrak{n}\cong \mathrm{g}_{1}\oplus \mathrm{g}_{2}$ .
, graded Lie ( $\mathrm{i}.\mathrm{e}.$ ,
twistor ([5]) ) - .
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4 Symmetric-like properties
, $(G, H, K)$ Lie $(N, \langle, \rangle)$ , $\mathrm{g}.0$ . ,
. , $G/K$ .
$a,$ $b>0$ , $-aB|_{\mathrm{t}\mathfrak{n}_{F}}\cross \mathrm{m}_{F}-bB|_{\mathrm{m}_{B}\mathrm{x}\mathrm{m}_{B}}$ $G/K$ $G$- $g_{a,b}$
,
11 $(G, H, K)$ Lie $(N, \langle, \rangle)$ . $a,$ $b$ $(G/K, ga,b)$
$G$ , $(N, \langle, \rangle)$ . , $IC=A(N)$
.
. 7 $K\subset A(N)$ . $G/K$ $N$
$\mathfrak{m}_{F}\oplus \mathfrak{m}_{B}$ – . , isotropy
$-1$ ( 1).
$G/I\zeta$ . $\mathfrak{m}_{\Gamma}\oplus \mathfrak{m}_{B}$ $K$ $-1$ , $K$
$A(N)$ . $N$ .
, $I\zeta=A(N)$ , isotropy – ,
Q.E.D.
$SU(n+1)/SU(n)=U(n+1)/U(n)$ ([4]). 9
11 ccnter 1 $\mathrm{H}- \mathrm{t}$}$\mathit{7}\mathrm{P}^{\mathrm{e}}$ . ,
$Sp(n+1)/U(1)\cross s_{P}(n)$ ([15]) , center 2 H-type
. H-tyPe ([2]) , 11
.
12 (Spin(8), Spin(7), $G_{2}$ ) Lie $(N, \langle, \rangle)$ singular
. .’
. Spin(8) $/G_{2}$ Spir1(8)- ([15]). 11
$(N, \langle, \rangle)$ . singular $\dim \mathfrak{m}_{\Gamma}=7=\dim \mathfrak{m}_{B}$ ([7]).
Q.E.D.
singular 2-step nilpotent ( $\mathrm{g}.0.$ )
.
$\mathrm{g}.0$ . . .
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13 $(G, H, Ic)$ Lie $(N, \langle, \rangle)$ . $a,$ $bf$ $(G/K,$
$ga,b\mathrm{I}$
$G$ $g.\mathit{0}$ . , $(N, \langle, \rangle)$ $g.\mathit{0}$ . . , $K=A(N)$ \mbox{\boldmath $\sigma$}
.
. $\mathrm{g}.0$ . Lie ([8]) :
$\forall v_{F}\in \mathfrak{m}_{F},$ $v_{B}\in \mathfrak{m}_{B},$
$\exists X\in \mathrm{t}\mathrm{s}.\mathrm{t}$ . [X, $v_{\Gamma}$ ] $=0$ and [X, $v_{B}$ ] $=[v_{F}, v_{B}]$ .
, 2-step nilpotent Lie $\mathrm{g}.0$ . ([8]) :
$\forall v_{\Gamma}\in_{3},$ $v_{B}\in \mathfrak{v},$ $\exists D\in a(N)\mathrm{s}.\mathrm{t}$ . $D(v_{\Gamma})=0$ and $D(v_{B})=\text{ _{}v_{F}}(v_{B})$ .
$a(N)$ $N$ skew-symmetric derivation , $A(N)$ Lie .
$\mathfrak{z}=\mathfrak{m}_{F},$ $\mathfrak{v}=\mathfrak{m}_{B},$
$\text{ _{}v_{F}}(v_{B})=[v_{\Gamma}, v_{B}]$ .
, $G/K$ $\mathrm{g}.0$ . , $\not\in\subset a(N)$ , $N$ $\mathrm{g}.0$ . . $K=A(N)$
. Q.E.D.
$(SO(n+8), so(8)\cross So(n),$ $\mathrm{s}_{\mathrm{p}}\mathrm{i}\mathrm{n}(\overline{\prime})\mathrm{X}so(n))$ Lie $(N, \langle, \rangle)$
. 8 , $(N, \langle, \rangle)$ ’ H-type
. Lie $\mathfrak{n}$ center 7 , $\mathfrak{n}=\mathfrak{n}(n, 0)$ . ,
$K=A(N)$ ([12]). , .
$\bullet SO(n+8)/\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(7)\cross SO(n)$ 1 ,
$n=1$ ([4]),
$\mathrm{g}.0$ . $\Leftrightarrow n=1,2,3([14])$ .
$\bullet$ dim3 $=7$ $\mathrm{H}$-tyPe $\mathfrak{n}=\mathrm{t}1(n, 0)$ )
$\Leftrightarrow n=1,2([2])$ ,
$\mathrm{g}.0$ . $\Leftrightarrow n=1,2,3([13])$ .
13 , $\mathrm{g}.0$ . duality .
, $\mathrm{H}$-type
. 11 $I\zeta=A(N)$ , .
14 $SO(10\mathrm{I}/\mathrm{S}_{\mathrm{P}}\mathrm{i}\mathrm{n}(7)\cross So(2)$ SO(10)- .
$SO(11)/\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}(7)\cross SO(3)$ SO(11) .
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5, 2-step nilpotent Lie , .
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